This paper addresses the global stabilization of a chain of integrators perturbed by a vector field u p ( z , u ) which satisfies ~( -2 , 0) = 0. Because small controls (or low-gain designs) are sufficient to stabilize the unperturbed chain of integrators, it may seem that smaller controls -which attenuate the perturbation up(z, U ) in a larger compact set-can be employed to achieve larger regions of attraction. This intuition is false because of the slow peakang phenomenon, a pitfall of low-gain designs which completes the picture of phenomena that impose fundamental limitations to nonlinear feedback designs. To overcome the effect of peaking, we must impose on ~( -2 , U ) certain growth restrictions. These growth restrictions are expressed as a higher-order condition with respect to a particular weighted dilation related to the peaking exponents of the nominal system. When this higher-order condition is satisfied, an explicit control law is derived which achieves global asymptotic stability of z = 0.
Introduction
High-gain and low-gain designs have served as cornerstones in the numerous developements in the semiglobal and global stabilization of nonlinear systems [6, 7, 13, 141 . A proptotype of high-gain designs is for the scalar system i = z2 + U , in which a higher gain k >> 1 in the feedback U = -kx allows to further dominate the destabilizing nonlinearity x 2 and to further increase the region of attraction of the equilibrium z = 0. A prototype of low-gain designs is for the scalar system k = U + u2 , in which a lower gain 0 < t << 1 in the feedback U = -E X allows to further dominate the destabilizing nonlinearity uz and to further increase the region of attraction of the equilibrium x = 0.
Early caveats in the literature -see for instance [3] have shown that the intuition carried by these simple examples may fail in higher dimension. In the seminal paper [9] , Sussmann and Kokotovii: exhibited the pitfall of the high-gain design -and in fact, a fundamental nonlinear limitation to achieving large regions of attractions. An illustration is given by the system ; i . = --2 + x2(E? +E;) <1 = Fz (1.1)
The simple high-gain intuition would suggest that the equilibrium (8, () = (0,O) of (1.1) is always semiglobally stabilizable: a faster stabilization of ( ( t ) causes a faster convergence to zero of the interconnection term ~' ((12 + ti) which perturbs the GAS system x = -x.
However, this reasoning is false. An analysis in [7, p.1671 shows that the system is not semiglobally stabilizable and that for large initial conditions, no openloop control u ( t ) exists which drives the solution to (z,() = (0,O). In this case, the failure of the highgain intuition is due to the (fast) peaking phenomenon inherent to any high-gain design: a
fast stabilization o f ( ' ( t ) (say, & ( t ) k : , e --k t ) causes a large peaking of its derivative ( z ( t ) = ( l ( t ) ( M
In the example (1. 1), the fast stabilization of (1 is necessary to increase the region of attraction but the peaking of &(t) causes the finite escape time of z ( t ) to infinity.
Low-gain designs attracted many researchers in the recent years with the work by Lin and Saberi [4] and Tee1
[Ill who showed that a chain of integrators (and more generally linear systems having all their eigenvalues in the closed left-half plane [lo] ) can be stabilized by a control law bounded by an arbitrarily small constant. In this paper we show that the low-gain intuition has a pitfall similar to the high-gain intuition. We will exhibit this limitation of low-gain designs by considering the global asymptotic stabilization of a perturbed chain of integrators Because the (unperturbed) chain of integrators can be globally stabilized by a low-gain design, the perturba--0-7803-3970-8197 $10.00 0 1997 IEEE tion up(x, U ) can be rendered arbitrarily small in any compact set. More precisely, in any given compact set, the bound E on the control which achieves global stabilization of the chain of integrators can be selected small enough such that ullp(x, u)II = O(c2) within this compact set. The scalar low-gain intuition would then suggest that the size of the region of attraction for the perturbed system (1.2) can be arbitrarily increased by diminishing the bound E on the control law.
However, this reasoning is also false. A simple analysis in Section 2 shows that the system is globally stabilizable if v = 0 or v = 1. However this system is not even semiglobally stabilizable if v > 1.
As in the example ( l . l ) , for large initial conditions, no open-loop control u ( t ) exists which drives the solution to x = 0. We show in Section 2 that this failure of the low-gain intuition in the system (1.3) is due to the (slow) peaking phenomenon inherent to any low-gain design: a slow stabilization of x2(t) ( If a chain of integrators is stabilized by using a lowgain design, all the states, except for x,, undergo a large transient for certain initial conditions. A smaller bound on the control law causes larger transients which may amplify the effect of the perturbation p ( z , U ) and prevent large regions of attractions. The peaking associated to low-gain designs occurs in the slow time scale r = d . It is a dual phenomenon to the peaking associated to high-gain designs, which occurs in the fast time
To achieve large regions of attraction for the system (1.2) with a low-gain design, we must restrict the form of the perturbation p ( x , U ) U by either imposing structural requirements (an upper triangular structure for p ( z , U ) ) or by restricting the growth of the nonlinearities. Restricting the structure of p ( x , U ) , Lin and Saberi [5] and Tee1 [I21 obtained results in the case of pure input nonlinearities, that is p ( x , U ) = p(u). In this paper, we will analyze the growth restrictions that must be imposed on p ( z , u ) u to guarantee large regions of attraction in the absence of structural restrictions.
By weighting the growth of the nonlinearities with the peaking exponent of the different states, we will show that the growth condition which guarantees large regions of attractions can be expressed as a higherorder condition on the vector field p (~, U ) with respect to a particular weighted dilation. When this higherorder condition is not satisfied, the slow peaking phenomenon may prevent semiglobal stabilization. On the contrary, when the higher-order condition holds, we achieve global stabilization with an explicit control law. Like several low-gain designs previously proposed in the literature, our control law is obtained in the form of a sum of saturations. A distinct feature of our design is that the saturation levels are state dependent rather than constant. They are selected in such a way that the higher-order property of the perturbation up(x, U ) is preserved in closed-loop.
The paper is organized as follows: In Section 2, we describe the slow peaking phenomenon associated to low-gain designs and the obstacle that it constitutes to achieve large regions of attractions. In Section 3, we characterize the absence of peaking as a "higher-order'' property of the perturbation with respect to a weighted dilation. Section 4 is devoted to the global stabilization result for the system (1.2) under the suitable growth restriction for p (~, U ) U . Due to space constraints, proofs are omitted and can be found in [8] .
Low-gain designs and slow peaking
Throughout this paper, we call a low-gain design a control law U = k (~) which achieves global stabilization of the equilibrium x = 0 in such a way that, for any E > 0, the parameters of the control law can be tuned to satisfy achieves global stabilization of the equilibrium x = 0, the eigenvalues of the closed-loop system being E X ; . Introducing the magnitude scaling zi = cn-'x; and the slow time scale T = E t , the closed-loop system becomes g z = Az where the characteristic polynomial of the matrix A is q ( s ) . The control law (2.5) is a low-gain design because
Nonlinear low-gain designs allow the bound on the control law to be independent of the initial condition. They typically make use of the saturation function satM(s), which is linear close to the origin, say satM(s) = s, and then saturated at a constant M = ~,
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O ( E ) . Nonlinear low-gain designs for the chain of integrators have been proposed in the form of a nested saturation scheme [ll]: Eventhough low-gain designs achieve global stabilization for any value of the small parameter E > 0, a variation of E significantly affects the transient behavior of the solutions. As E + 0 , not only the convergence of the solutions is slowed down, but also certain states undergo very large transients. The following proposition shows that this phenomenon is inherent to any lowgain design, that is, a consequence of the bound (2.4), and that the peaking is worse for states located farther from the input. 
Then every low-gain design for the chain of integrators which satisfies the bound (2.4) causes the state to peak with an exponent T = n -i for i E { 1 , . . . , n } .
We now illustrate on an example the consequence of slow peaking on achieving large regions of attraction for systems of the form (1.2). 
., E Z , )~ by h ( S , ( z ) ) in the above
condition. In the case of the standard dilation, the order property characterizes a property of the function in the neighborhood of z = 0 because lim,,oS,(z) = 0.
In the case of a general dilation, the order property characterizes a property of the function in a region of R" which depends on the sign of the different weights.
If the weight associated to xi is positive, the order condition is a property of the function for Izil small. On the contrary, if the weight is negative, the order condition is a property of the function for lzil large. If the weight is zero, the order condition does not restrict where r ( x n ) > 0 is continuous in R.
The positive function defines a "radius" of order one with respect to the dilation (3.11), with the property that for 1 5 i n-1, the (3.12) . To check that f(x) is a vector field of order p with respect to (3.11), we only need to verify that the i-th component fi(z) is a function of order i -n + v . For instance, the chain of integrators X I = 22,. . . , xn = U is homogeneous of degree one because fi(z) = zi+l is homogeneous of degree i + 1 -n for 1 5 i 5 n -1 and f n ( z ) = U is homogeneous of degree 1. Finally, 4ts a consequence of Proposition 2, a controlled' vector field f(x, U ) which satisfies f(z, 0) = 0 is of the same order as the closed-loop vector field f(z, IC(%)) provided that the control law U = k ( z ) is a function of order one.
Growth restrictions as a higher-order condition. We have just seen that the chain of integrators is of order one with respect to the slow peaking dilation (3.13). Let us now examine the order of the perturbation p ( z , U ) in Example 1: the vector field
is homogeneous of degree 2 -v.
If v > 1, the order of the perturbation u p ( z , U ) is lower than the order of the chain of integrators and we have seen that semiglobal stabilization is impossible in this case. The higher-order property with respect to the slow peaking dilation (3.13) thus characterizes the maximal admissible growth of the vector field up($, U ) to guarantee that the slow peaking of the variables is not terms of the weighted radius (3.12).
an obstacle to large regions of attraction.
A low-gain design for global stabilization
Motivated by our analysis of peaking, we will achieve global stabilization of the system (1.2) under the following growth assumption.
Assumption 1
The vector field p ( z , u)u is at least of order one with respect to the dilation (3.13) .
The higher-order property of the perturbation u p ( x , U) guaranteed by Assumption 1 will be preserved in closed-loop by designing a low-gain control law of order one. To this end, we will start from the low-gain control law (2.7) -which achieves global stabilization of the chain of integrators -but we will make the saturation constants of the control law state dependent: precisely, we will employ the control law . .,xn-l)ll + 00, the analysis faces two difficulties not present in the constant saturation scheme (2.6). These difficulties are easily illustrated by the scalar system
Global asymptotic stability of the equilibrium z = 0 of The same control Eau1 multiplied by the gain y(x2) = min(1, -) can be employed to stabilize the system ,, = 22+x:u2
x z = u + x ; x 1 u 2 3495 5 
Conclusion
In this paper we have shown that semiglobal and global stabilization of a chain of integrators perturbed by a vector field which is higher-order in U cannot be guaranteed without extra conditions on the perturbation despite of the fact that the unperturbed chain of integrators can be stabilized by using a low-gain design. The obstacle to large regions of attractions for the perturbed system is due to the large state transients inherent to the low-gain design, a phenomenon that we call slow peaking in contrast to the fast peaking phenomenon associated to high-gain designs [9] . To overcome the destabilizing effect of peaking, we must impose growth conditions on the nonlinearities. We have characterized these growth conditions as a higherorder condition with respect to a weighted dilation in which each state is weighted by its peaking exponent. When this higher-order condition is satisfied, we have shown that global stabilization of the perturbed system can be achieved by a low-gain design which preserves the higher-order property in closed-loop. In [8] , this global stabilization result is extended to the case when the perturbed chain of integrators is cascaded with a GAS/LES subsystem. 6 
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